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Abstract

A correct economic interpretation of the Hawkins-Simon (HS) condition in the
original version is provided. The interpretations proposed so far have confused
the HS condition with the Gergescu-Roegen condition. A new interpretation
in this article is as follows. Define the value of standard good k as the total
input amounts of good k contained per unit of itself, then the HS condition is
equivalent to the requirement that any one of the goods in the simple Leontief
economy can be chosen as the standard good and its value should be less than
unity. Using this interpretation, we can obtain the total amounts of the standard
good embodied in one unit of any good from the Leontief inverse.
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Keywords: The original Hawkins-Simon condition; Georgescu-Roegen condition;
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1 Introduction

Jeong (1982) first proposed a correct economic interpretation of the Hawkins-Simon
(1949) (HS) condition (see also Milana 1985). He argued the HS condition implies that
the direct and indirect requirements of its own product per unit of gross output must
be less than unity in the simple Leontief system.

Later, Fujita (1991) approached the problem from the point of view of the value
system dual to physical one, and provided an alternative way of getting the same result
as Jeong’s. Dasgupta (1992) proved the HS existence theorem based on the economic
reasoning using the above mentioned economic interpretation of the HS condition. As
to the viability of the Leontief system, or in Hawkins-Simon words the condition for
macroeconomic stability, there is another condition owing to Georgescu-Roegen (1951,

∗Earlier version of this article was presented at a seminar of the Center for Advanced Economic
Study, Fukuoka University on 12 May, 2006. I would like to thank my collegues for their useful
comments made there. My special thanks are due to Professor Takao Fujimoto for his valuable
advice.
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1966) equivalent to the HS condition. Jeong, Fujita and others confused these two,
and referred to the Georgescu-Roegen (GR) condition as HS’s.1

The first purpose of this paper is to clarify the economic meaning of the original
HS condition. To my knowledge, economic interpretation of the HS condition in the
original version has not been proposed so far in the literature. So, it seems to be
desirable to explore the full economic implications of the HS condition distinct from
the Georgescu-Roegen version of the condition.

The second purpose of this paper is to provide the procedure to calculate the total
contents of the standard good of value contained in one unit of any good from the
Leontief inverse. As for the diagonal elements Jeong (1984) obtained an elegant re-
sult. Szyrmer (1992) and Gim-Kim (1998) extended Jeong’s result to the general case
including off-diagonal elements in the physical Leontief system, while Fujita (1996) ob-
tained the general result utilizing the system of value used in Fujita (1991). In section
3, by using the economic interpretation of the original HS condition, we clarify the
relation between the elements of Leontief inverse and the value of goods defined below
in a consistent way within the framework of the system of value equations.

2 A correct economic meaning of the HS condition

in the original version

In this section, we propose a correct economic interpretation of the HS condition in
the original form in relation to the one investigated by Jeong, Fujita and others.

Let A = (aij) (i, j = 1, · · · , n; n ≥ 2) be an n × n indecomposable Leontief input
coefficient matrix. Choose good k as the standard of value. The value of other goods
can be expressed in terms of the total amounts of good k embodied in one unit of
them. We denote the good k value of good j by λkj (j = 1, · · · , n). That is, variable
λkj stands for the direct and indirect (total) input contents of good k necessary to
produce one unit of gross output of good j.

Let Λ = (λk1, · · · , λkn) be the n (dimensional) row value vector and Λk be the
(n − 1) row value vector obtained by eliminating λkk from Λ.

The value determination equations system can be expressed as follows,

λkj = akj +
∑
i�=k

λkiaij (j = 1, · · · , n) (1)

or, in vector notation,
λkk = akk + Λkaik, (2)

Λk = akj + ΛkAkk, (3)

where Akk is the (n−1)× (n−1) matrix obtained by eliminating the k-th row and k-th
column from A. Vectors akj and aik are the n− 1 row and column vector obtained by
eliminating akk from the k-th row and k-th column of A respectively.

The system of equations (3) is formally identical with the Leontief price system.
By theorems 6.1 and 6.2 of Nikaido (1968, pp.90-94) (see also Dasgupta (1992)) the

1On this point, see Dasgupta (1992 p.755 footnote 1).
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following four conditions are mutually equivalent in eq.(3).

1) Weak solvability (WS) 2) Strong solvability (SS)

3) Georgescu-Roegen (GR) condition 4) Hawkins-Simon (HS) condition

Consider an n × n determinant |In − A|. Multiplying the i-th row by λki (i =
1, · · · , n; i �= k), adding multiples of these n − 1 rows to the k-th row, and taking
eq.(1) into account, as obtained by Fujita (1991), the following relation holds.

|In − A| = det




1 − a11 · · · −a1k · · · −a1n
...

. . .
...

...
0 · · · 0 1 − λkk 0 · · · 0
...

...
. . .

...
−an1 · · · −ank · · · 1 − ann




= (1 − λkk)|In−1 − Akk|.

(4)
As the GR condition is satisfied up to the (n− 1)-th order, |In−1 −A| > 0, and taking
eqs.(2) and (3) into account we get:2

|In − A|
|In−1 −Akk| = 1 − λkk = 1 − akk − akj(In−1 − Akk)

−1aik. (5)

In eq.(5), |In−1 − Akk| > 0, so |In − A| > 0 is equivalent to λkk < 1. With respect
to the interpretation of sign condition, Jeong, Fujita and others confused between this
GR condition and the HS condition.

The HS condition, however, requires all the principal minors of |In − A| to be
positive. In relation with the principal minors of (n − 1)-th order,

|In−1 − Akk| > 0 (k = 1, · · · , n) (6)

must hold at the same time. Therefore, for example, if good 1 is selected as a standard
good, according to the HS condition, in addition to |In−1 − A11| > 0, |In−1 − Akk| >
0 (k = 2, · · · , n) must hold simultaneously.

Although the HS and GR conditions are mutually equivalent, mathematically speak-
ing, inequalities (6) seems to be redundant. The sign conditions of (6) have, however,
an important meaning from economic point of view. How can we interpret the inequal-
ities (6)? Within the framework of the GR condition dependent on one standard good,
we can not clarify the economic meaning of these inequalities (6). Considering (6),
relation (5) must be replaced by the following:

|In − A|
|In−1 − Akk| = 1 − λkk ∀k = 1, · · · , n. (7)

2Jeong (1982) obtained eq. (5) without using the system of value equations. Jeong asserts that in
eq.(5) |In − A| > 0 is equivalent to

akk + akj(In−1 − Akk)−1aik < 1,

which means that in order to produce one unit of good k, the direct (akk) and indirect (akj(In−1 −
Akk)−1aik) input requirements of good k must be less than unity.
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From the relations (7), with respect to the HS condition in the original version,
|In − A| > 0 become equivalent to 1 − λkk > 0 for ∀k = 1, · · · , n. That is, the weak
(strong) solvability (or viability of the system) is equivalent to the requirement that
any one of the goods in the economic system can be chosen as the standard good of
value and the value of chosen good should be less than unity.

3 The relation between the Leontief inverse and the

values of goods

In this section, we consider the relation between the elements of Leontief inverse and
the above defined values of goods.

Denote the Leontief inverse |In − A|−1 by B = (bij) (i, j = 1, · · · , n, n ≥ 2) whose
element is

bij =
∆ji

|In − A| . (8)

∆ij is the (i, j) cofactor of matrix (In − A), that is,

∆ij = (−1)i+j |In − A|ij, (9)

where |In −A|ij is the determinant obtained by deleting the i-th row and j-th column
from |In −A|. Each element (bk1, · · · , bkn) of the k-th row of B is given by

(
∆1k

|I −A| , · · · ,
∆nk

|I − A|
)

.

From the system of equations (2), the value of goods can be obtained by Cramer’s
rule:

λki =
|(I − Akk)i|
|I − Akk| (i �= k), (10)

where (I−Akk)i is the matrix obtained by replacing the i-th row for i < k and (i−1)-th
row for i > k in I −Akk by the row vector akj. As ∆ik = |(In−1 −Akk)i| (i = 1, · · · , n),
from eqs.(7) and (10), we get the following relations for i �= k,

bki =
∆ik

|I − A| =
|I − Akk|
|I −A| · |(I − Akk)i|

|I − Akk| =
λki

1 − λkk
. (11)

As to bkk, we can derive bkk = 1/(1 − λkk) directly from eq.(7). And the value of good
i in terms of standard good k can be expressed by the elements of the Leontief inverse
B as follows:

λki =
bki

bkk

(i �= k), λkk =
bkk − 1

bkk

(i, k = 1, · · · , n). (12)

The above relations (12) are useful from the empirical point of view, because these
enable us to obtain the total (direct and indirect) input amounts of the standard good
embodied in one unit of any good from the Leontief inverse. In fact, these relations
play an important role in total flow analysis of the Leontief models as an alternative
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to the traditional final demand analysis (See for example, Szyrmer (1992), Gallego and
Lenzen (2005)).
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