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Abstract

I propose a new axiom on the incentive for manipulating an outcome of

a collective decision making. The axiom says that manipulation cannot oc-

cur through the preference relations adjacent to the sincere one. I discuss

rationales for introducing the axiom and investigate the equivalence and the

nonequivalence between the new axiom and strategy-proofness. I give ex-

amples of the nonequivalence, and find a sufficient condition for the equiva-

lence. I show that the sufficient condition is satisfied by the universal domain

and the set of single-peaked preferences. Accordingly, many existing results

about strategy-proof social choice functions can be restated with the axiom

proposed in this paper.

Keywords: adjacent manipulation, AM-proofness, single-peaked preferences,

social choice function, strategy-proofness.
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1 Introduction

The incentive to manipulate a social outcome is one of the most important topics

in the theory of social choice. This paper proposes a new axiom on the robustness

to manipulation of social choice functions (SCFs). I investigate the equivalence

and the nonequivalence between my axiom and strategy-proofness over various

domains and find a sufficient condition for the equivalence.

The axiom proposed in this paper says that an SCF is nonmanipulable through

the preference relations adjacent to the sincere one. Two preference relations (for-

mulated as linear orders)R andR′ are adjacentif the only difference between

them is one pair of consecutively ranked alternatives.1 (For example,R andR′

coincide except the ranks ofx andy; in R, an alternativex is second ranked andy

is third ranked; inR′, y is second andx is third.) In this sense, adjacent preference

relations are similar to each other.

My axiom will be calledAM-proofness. (“AM” stands for “Adjacent Manip-

ulation”.) AM-proof SCFs are robust to manipulation by the adjacent preference

relations. Because AM-proofness considers only adjacent preference relations as

available options for misrepresentation, it is weaker than strategy-proofness. Ra-

tionales for AM-proofness are the following.

First, consider thepsychological costof misrepresenting the following two

preference relations:

• a false preference relation close to the sincere one, and

• a false preference relation far from the sincere one.

Based on our intuition and experience, the cost of the latter is higher than that of

the former. In other words, the further the preference relation is from the true one,

the more reluctant an agent is to misreport the false preference relation.

1A formal definition of adjacent preference relations will be given in Section 2.
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Besides the psychological cost, reporting a false preference relation different

from the sincere one can cause immense damage to an agent even if the misrepre-

sentation makes him better off in the social decision at hand. For example, con-

sider a politician facing a collective decision making over an important political

or economic issue. In many cases, his behavior (i.e., the reported preferences) is

observable by the public. Then, reporting a false preference relation far from the

sincere one has at least the following two negative effects. First, he loses his “real”

supporters. Second, he is obliged to behave in line with the reported false pref-

erences because lack of consistency lowers his reputation. The cost of the latter

can be very high; his behavior and revelation of opinions are constrained to be

consistent with the reported false preferences. As a result, he might unwillingly

and unavoidably accomplish what he does not want at all.2 It is intuitively clear

that the further the reported false preferences is from the sincere one, the stronger

these negative effects are. Therefore, for politicians, it would be good to reveal

preferences relations “around” the sincere one.

From the above arguments, an SCF which is manipulable only through pref-

erence relations far from the sincere one (in other words, nonmanipulable through

the similar preference relations) is more attractive in terms of the robustness to ma-

nipulation than an SCF which is manipulable through preference relations close to

the sincere one. Therefore, AM-proofness serves as a useful criterion on manipu-

lability of SCFs.3

2For example, consider an issue of gun control. Leta denote “no regulation”,b denote “moderate

gun control”, andc denote “complete gun prohibition”. Consider a politician with the following

preferences:a is the most preferred,b is the second, andc is the third. Assume that (by some

reasons) he misreports the converse at a committee on gun control:c is the most preferred,b is the

second, anda is the third. Then, for consistency, at least for the following one or two years, he

should behave as if he is a supporter for gun control everywhere: a committee, Congress, and small

meetings. Meanwhile, he might establish gun control even though heis against any regulation.
3I would like to note that I do not claim that my axiom means a complete robustness to manipu-
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However, why do we need to consider a new axiom on manipulability, AM-

proofness, in spite of having strategy-proofness which is undoubtedly the most

important axiom in this topic? There are mainly two reasons.

First, because strategy-proofness is a strong condition for nonmanipulability of

SCFs, there is a largeconceptualgap between strategy-proofness and non strategy-

proofness. Therefore, more alternative axioms or measures of manipulability have

been called for. Recent developments of the theory of manipulation fill this gap to

some extent.4 This research contributes to this line research by proposing an axiom

weaker than strategy-proofness.

Second, in this paper, I examine the (non)equivalence between AM-proofness

and strategy-proofness, and find a class of domains on which the new axiom and

strategy-proofness are logically equivalent. Thus, further implications of strategy-

proofness can be obtained.

In most of this paper, I concentrate on manipulation by adjacent preference

relations and do not consider an “intermediate” notion between strategy-proofness

and AM-proofness. I will formally show that once a sufficient condition for the

equivalence between strategy-proofness and AM-proofness is established, then the

condition is also sufficient for the equivalence between strategy-proofness and any

“intermediate” notion of manipulability. (See Corollary 4.1.) Therefore, consid-

ering manipulation by adjacent preference relations can lead to a general result

regarding the question of sufficiency for the equivalence which would be one of

the most interesting and important problems.

Finally, I briefly review the related literature. The starting point of the liter-

ature would be the Gibbard-Satterthwaite theorem (Gibbard, 1973; Satterthwaite,

lation.
4See, for example, Campbell and Kelly (2009) and references therein. These works are mainly

concerned with “measures” of manipulability, such as gains and losses due to manipulation and the

number of preference profiles at which manipulation can occur.
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1975).5 Strategy-proofness has been the central axiom of the literature, but other

axioms also have been considered. Le Breton and Zaporozhets (2009) and Bar-

ber̀a, Berga, and Moreno (2009) consider the problem of the equivalence between

strategy-proofness andcoalitionalstrategy-proofness. Coalitional strategy-proofness

takes a possibility of coalition formation into account, and it is a stronger axiom

than strategy-proofness. My work and theirs are in the same vein in that we explore

the issue of the (non)equivalence of strategy-proofness and an alternative axiom.

While I weaken strategy-proofness by putting the restriction on the options

of misrepresentation, Serizawa (2006) weakens coalitional strategy-proofness by

putting the restriction on the size of coalitions and considers coalitions consisting

of one or two agents because very large coalitions are practically difficult to form.

(See also Schummer (2000).)

The paper is organized as follows. Section 2 gives basic notation and defini-

tions. Section 3 gives examples of the nonequivalence between strategy-proofness

and AM-proofness. Section 4 contains two Subsections; a sufficient condition and

a necessary condition for the equivalence between strategy-proofness and AM-

proofness are discussed in each Subsection. Section 5 discusses applications of my

results.

2 Basic notation and definitions

Let N = {1, . . . , n} be a finite set of agents, letX be a finite set of alternatives

with |X| = m6, and letL denote the set of all linear orders7 onX. An element of

L will be called apreference relationand denotedR, Ri, and so on. Their strict

parts areP andPi. RN = (R1, . . . , Rn) ∈ LN is a preference profile, where the

subscripts are indices of the agents. For eachR ∈ L and for eachk ∈ {1, . . . , m},

5Important works such as Black (1948) exist before the Gibbard-Satterthwaite theorem.
6For any setA, |A| denotes its cardinality.
7A binary relation is called a linear order if it is complete, transitive, and antisymmetric.
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let rk(R) denote thekth ranked alternative with respect toR.

GivenD ⊂ L, a functionf of DN into X is called asocial choice function

(SCF)onD, andD is called thedomainof f .

Definition 2.1

• Given a preference relationR, two alternativesx andy are said to beadja-

cent inR if there existsk ∈ {1, . . . , m − 1} such that{rk(R), rk+1(R)} =

{x, y}.

• Two distinct preference relationsR andR′ are said to beadjacentif R′ can

be obtained by exchanging the ranks of one pair of adjacent alternatives in

R; formally, there exist adjacent alternativesx, y in R such that(R\(x, y))∪

(y, x) = R′.8 In this case, the set of adjacent alternatives{x, y} is denoted

by A(R, R′), and we say thaty overtakesx from R to R′.

• Let A(R) denote the set of all preference relations adjacent toR.

Example 2.1

Let X = {x, y, z}, and consider the two preference relationsR andR′ defined

by xRyRz andyR′xR′z. The only difference betweenR andR′ is the ranks of

x and y which are adjacent inR (and R′). Therefore,R and R′ are adjacent,

A(R, R′) = {x, y}, R′ ∈ A(R), andy overtakesx from R to R′.

Definition 2.2

An SCFf onD is said to bemanipulable through an adjacent preference relationif

there existRN ∈ DN , i ∈ N , andR′
i ∈ A(R)∩D such thatf(R′

i, R−i)Pif(RN ).

The SCFf is AM-proof if it is not manipulable through an adjacent preference

relation. Here, “AM” stands for “Adjacent Manipulation”.

Recall that in the definition of strategy-proofness9, available options of misrepre-

8For notational simplicity, the braces around(x, y) and(y, x) are omitted.
9An SCFf is said to satisfystrategy-proofnessif for any RN ∈ DN , for anyi ∈ N , and for any

R′
i ∈ D, f(RN )Rif(R′

i, R−i) holds.
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sentation are any preference relations in the domain. Therefore, under the universal

domainL, the number of available options of misrepresentation is(m! − 1). On

the other hand, because AM-proofness requires thatf is robust to misrepresenta-

tion only through preference relations adjacent to the sincere one, the number of

available options of misrepresentation inL is (m − 1). Note that whenm = 10,

(m! − 1) = 3628799 and(m − 1) = 9, a great difference.

As we have seen, from the viewpoint of the number of preference relations

which we have to check to establish a property, there exists a significant difference

between strategy-proofness and AM-proofness on the universal domain. Gener-

ally speaking, the extent of the difference between strategy-proofness and AM-

proofness depends on the domain under consideration. For example, if a domain

consists of one pair of adjacent preference relations, then strategy-proofness and

AM-proofness are equivalent. On the other hand, when any two preference re-

lations in the domainD are not adjacent, then AM-proofness completely loses

its power, and in this sense, the contrast between strategy-proofness and AM-

proofness is sharper onD than on the universal domain. (See Section 3 for detailed

arguments.)

In the following sections, I will demonstrate the (non)equivalence between

strategy-proofness and AM-proofness.

3 The nonequivalence between strategy-proofness and AM-

proofness

Clearly, on any domainD, strategy-proofness implies AM-proofness. In this sec-

tion, I will show that AM-proofness does not necessarily imply strategy-proofness

through two kinds of domains.
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Domains in which any two preference relations are not adjacent: First, I con-

sider domains in which any two preference relations are not adjacent. On such

a domain, every SCF is trivially AM-proof. On every domain containing two or

more preference relations, an SCF violating strategy-proofness exists.10 Therefore,

the nonequivalence between AM-proofness and strategy-proofness arises.

Such a domain can be found in the literature. An example is minimal circular

domains considered by Sato (2009). A domainD is said to becircular if the

elements ofX can be indexedx1, x2, . . . , xm so that for eachk ∈ {1, . . . , m},

there exist two preferencesR andR′ in D such that

(i) r1(R) = xk, r2(R) = xk+1, rm(R) = xk−1,

(ii) r1(R′) = xk, r2(R′) = xk−1, andrm(R′) = xk+1.

(Let xm+1 = x1 andx0 = xm.)

In a circular domainD, for each alternativexk, there should be at least two

preference relationsR andR′ satisfying the conditions (i) and (ii), respectively.

Therefore, minimal (in terms of cardinality) circular domains contain exactly2m

preference relations. Sato (2009) proves that on any circular domain (especially, on

minimal ones), every unanimous and nondictatorial SCF fails to satisfy strategy-

proofness.

I can prove the following statement. (See Appendix for a proof.)

Proposition 3.1

Whenm ≥ 4, in any minimal circular domains, any two preference relations are

not adjacent.11

10Consider a domainD with |D| ≥ 2. Then, there exist distinctx, y ∈ X with xRy andyR′x for

someR, R′ ∈ D. Let i be an element ofN , let Ri = R, and letR′
i = R′. Let f be an SCF such

thatf(Ri, R−i) = y andf(R′
i, R−i) = x for someR−i. Then,f(R′

i, R−i)Pif(Ri, R−i) holds,

which implies thatf fails to satisfy strategy-proofness.
11Whenm = 3, the only circular domain is the universal domain. As I prove in Section 4, in the

universal domain, every preference relation has an adjacent one.
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Table 1:

R1 R2 R3 R4 R5 R6

x y y y x x

y x x x y y

v v v z z v

w w z v v z

z z w w w w

Therefore, on the minimal circular domains, the nonequivalence between AM-

proofness and strategy-proofness appears in a very sharp form; every unanimous

and nondictatorial SCF satisfies AM-proofness but fails to satisfy strategy-proofness.

Domains in which any preference relation has an adjacent one: Next, I con-

sider a domain in which every preference relation has an adjacent one.

Example 3.1

Let N = {1, 2} andX = {x, y, v, w, z}. Consider the domainD consisting of

the five preference relations fromR1 to R5 in Table 1. (At this stage, ignoreR6.)

Note that the pairs of adjacent preference relations inD are(R1, R2), (R2, R3),

(R3, R4), (R4, R5). Therefore, for any preference relationR ∈ D, there is a

preference relation adjacent toR in the domain.

I prove that onD, there exists an SCF satisfying AM-proofness but fails to

satisfy strategy-proofness. Letf be the SCF defined by

f(R1, R2) =


x, if R1 = R1,

y, otherwise.

Thus,f takesx only if agent1 reportsR1, and in the other cases,f takesy. I will

show that the SCFf is AM-proof. To establish AM-proofness, it suffices to see

the change of a social outcome induced by the (false) adjacent preference relations.
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Underf , the change of a social outcome by an adjacent preference relation occurs

only when agent1 changes his report fromR1 to R2 or fromR2 to R1. In the first

case, the social outcome changes fromx to y, which is not beneficial with respect

to R1. In the second case, the social outcome changes fromy to x, which is not

beneficial with respect toR2. Therefore,f is AM-proof.

However,f is not strategy-proof. A profitable misrepresentation by agent1 is

possible when his (true) preference relation isR5. In this case, by falsely reporting

R1, the social outcome changes fromy to x, which is a profitable change with

respect toR5.

The analysis in this section confirms the nonequivalence between strategy-proofness

and AM-proofness. Therefore, some requirements on the domain are needed for

the equivalence between the two conditions. To find such a requirement, the two

kinds of the nonequivalence discussed here form a basis.

4 The equivalence between strategy-proofness and AM-

proofness

In this section, I will present my main result: a sufficient condition for the equiv-

alence between strategy-proofness and AM-proofness. A necessary condition for

the equivalence is also discussed.

4.1 A sufficient condition

To describe a sufficient condition for the equivalence, I need several definitions.

Definition 4.1

A pathfrom R to R′ in D ⊂ L is a sequence(R1R2 . . . Rℓ) in D such that

(i) Rh are all distinct (h ∈ {1, 2, . . . , ℓ}),
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(ii) R = R1 andR′ = Rℓ,

(iii) for eachh ∈ {1, 2, . . . , ℓ − 1}, Rh is adjacent toRh+1.

A path fromR to R′ is also a path fromR′ to R. Thus, when the direction is not

important, we speak of pathbetweenR andR′ in D.

Definition 4.2

Two preference relationsR andR′ in D ⊂ L are said to belinked inD if there

exists a path betweenR andR′ in D.

Definition 4.3

A domainD ⊂ L is said to beconnectedif any two preference relations inD are

linked.

Assumption 4.1

For anyR andR′ in D ⊂ L, if they are linked, then there exists a path(R1 . . . Rℓ)

betweenR andR′ in D such thatA(Rh, Rh+1) ̸= A(Rk, Rk+1) for all distinct

h, k ∈ {1, . . . , ℓ − 1}. Such a path will be called anon-twice overtaking path. In

a non-twice overtaking path, for anyx, y ∈ X, oncex overtakesy in some step in

the sequence, sayRh to Rh+1, theny never overtakesx in the rest of the sequence.

Example 3.1 (continued)

Let D be the domain consisting the five preference relations fromR1 to R5 in

Table 1. Then, thisD is connected, while it violates Assumption 4.1; fromR1 to

R5, there is a unique path inD, that is,(R1R2R3R4R5). Becausey overtakesx in

the step fromR1 to R2, andx overtakesy in the step fromR4 to R5, A(R1, R2) =

A(R4, R5) = {x, y}. Therefore,D does not satisfy Assumption 4.1.

Remark 4.1

Given a sequence(R1R2 . . . Rℓ) in D ⊂ L satisfying the second and the third con-

ditions of Definition 4.1, ifA(Rh, Rh+1) ̸= A(Rk, Rk+1) for all distinctRh and

Rk in the sequence (i.e., it is non-twice overtaking), then the first condition of Defi-

nition 4.1 is satisfied. To see this, I prove that for anyRh in the sequence,Rh ̸= Rk
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for all k ≥ h + 1. FromRh to Rh+1, the ranks of one pair of adjacent alternatives

are exchanged. Letx andy denote these alternatives (i.e.,A(Rh, Rh+1) = {x, y}),

and assume thatxRhy andyRh+1x. Because the sequence is non-twice overtaking,

for anyRk with k ≥ h + 1, A(Rk, Rk+1) ̸= {x, y}. In other words,x never over-

takesy afterRh. Therefore,yRkx holds for anyk ≥ h + 1, and henceRh ̸= Rk

for anyk ≥ h + 1. Becauseh was arbitrary, this implies that any two preference

relations in the sequence are distinct from each other. Therefore, to prove that a

sequence under consideration is a non-twice overtaking path, it suffices to check

the second and the third conditions of Definition 4.1 and the non-twice overtaking

property.

The following is a main theorem of this paper; it finds a sufficient condition for the

equivalence between strategy-proofness and AM-proofness.

Theorem 4.1

If a domainD is connected and satisfies Assumption 4.1, then AM-proofness im-

plies strategy-proofness. In other words, any SCF satisfying AM-proofness satis-

fies strategy-proofness.

Lemma 4.1

Letf be any AM-proof SCF on a domainD. Then, for anyRN ∈ DN , for anyR′
i ∈

A(Ri)∩D such that[f(RN )Riy ⇒ f(RN )R′
iy ∀y ∈ X], we havef(R′

i, R−i) =

f(RN ).

Proof of Lemma 4.1.Supposef(R′
i, R−i) ̸= f(RN ). If f(RN )Pif(R′

i, R−i),

thenf(RN )P ′
if(R′

i, R−i), which is a contradiction to AM-proofness. (Note that

Ri ∈ A(R′
i) ∩ D.) If f(R′

i, R−i)Pif(RN ), then it is also a contradiction to AM-

proofness off . �

Proof of Theorem 4.1.Let f be an SCF onD satisfying AM-proofness. Let

RN be any preference profile and leti be any agent. LetR′
i be any preference
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in D. BecauseD is connected and satisfies Assumption 4.1, there exists a non-

twice overtaking path(R1R2 . . . Rℓ) in D from Ri to R′
i with Ri = R1 and

R′
i = Rℓ. Our goal is to provef(Ri, R−i)Rif(R′

i, R−i), i.e., f(R′
i, R−i) be-

longs to the lower counter set (in a weak sense) off(Ri, R−i) with respect toRi.

Let L = {y ∈ X | f(Ri, R−i)Riy} (the set of lower contour set off(RN ) with

respect toRi).

STEP 1: By Lemma 4.1, in each step fromRh to Rh+1 (h ∈ {1, . . . , ℓ − 1})

in the sequence(R1R2 . . . Rℓ), the social outcome can change only when the al-

ternative right belowf(Rh, R−i) overtakesf(Rh, R−i). (In the other cases, the

lower contour set off(Rh, R−i) expands in a weak sense, and hence the social

outcome does not change.)

STEP2: I prove that for eachh = 1, . . . , ℓ−1, if f(Rh, R−i) ∈ L, thenf(Rh+1, R−i) ∈

L. By Step 1, it suffices to consider the case where fromRh to Rh+1, the alterna-

tive x right belowf(Rh, R−i) overtakesf(Rh, R−i).

CASE 1: x ∈ L. In this case,f(Rh+1, R−i) is eitherf(Rh, R−i) or x. In either

case,f(Rh+1, R−i) ∈ L.

CASE 2: xPif(Ri, R−i). Becausef(Rh, R−i) ∈ L, at the starting pointR1(=

Ri), x was ranked higher thanf(Rh, R−i). Becausex is now just belowf(Rh, R−i),

f(Rh, R−i) overtookx in some earlier stage in the sequence(R1 . . . Rh). Remem-

ber the sequence under consideration is a non-twice overtaking path, which implies

thatx never overtakesf(Rh, R−i) in the sequence. Therefore, this case cannot oc-

cur.

STEP3: Trivially, f(R1, R−i) = f(Ri, R−i) ∈ L. Then, by the induction onh and

Step 2, it follows thatf(R′
i, R−i) = f(Rℓ, R−i) ∈ L, i.e.,f(Ri, R−i)Rif(R′

i, R−i),

13



and we complete the proof. �

Example 3.1 (continued)

Let D′ be the preference relations fromR1 to R6 in Table 1. Then, it can be seen

thatD′ is connected and satisfies the non-twice overtaking property; fromR1 to

R5, (R1R6R5) is a non-twice overtaking path; fromR6 to a non-adjacent pref-

erence relation (R2 andR4), there exists a non-twice overtaking path ((R6R3R2)

and(R6, R3, R4), respectively).

By Theorem 4.1, strategy-proofness and AM-proofness are equivalent onD′,

while not onD = {R1, R2, R3, R4, R5} (see page 9). This is an example where

the existence or admissibility of one preference relation (in this case,R6) is crucial

for the equivalence.

Theorem 4.1 shows the equivalence between strategy-proofness and AM-proofness

on a class of domains satisfying the assumptions in the theorem. From Theorem

4.1, we readily have the following corollary which extends the equivalence result

to any “intermediate” notions of the robustness to manipulation.

Corollary 4.1

Let f be an SCF onD. Under the assumptions of Theorem 4.1, the following

statements are equivalent.

(i) f is strategy-proof.

(ii) For anyRN ∈ DN and for anyi ∈ N ,

f(RN )Rif(R′
i, R−i), ∀R′

i ∈ Mi(RN ),

whereMi is a correspondence ofDN intoD satisfyingMi(RN ) ⊃ (A(Ri)∩

D) for all RN ∈ DN . (Remember thatA(Ri) is the set of all preference

relations adjacent toRi.)
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Proof. (i)⇒(ii) is trivial. I prove (ii)⇒(i). The second statement implies that

f(RN )Rif(R′
i, R−i) for all RN , for all i ∈ N , and for allR′

i ∈ (A(Ri) ∩ D).

Thus,f is AM-proof. By Theorem 4.1,f is strategy-proof. �

This corollary shows the equivalence between strategy-proofness and any con-

dition which is “between” strategy-proofness and AM-proofness. Thus, even if you

consider that AM-proofness is unacceptably extreme and more options for misrep-

resentation should be taken into account, we can still have the same equivalence

result with your formulation of the robustness to manipulation.

4.2 A necessary condition

In Theorem 4.1, connectedness of a domain is a part of the sufficient condition

for the equivalence between strategy-proofness and AM-proofness. In the follow-

ing proposition, I prove that connectedness is also a necessary condition for the

equivalence.

Proposition 4.1

If strategy-proofness and AM-proofness are equivalent on a domainD, thenD is

connected.

Proof.12 Assume that strategy-proofness and AM-proofness are equivalent on a

domainD. Suppose to the contrary thatD is not connected. Consider a(n) (undi-

rected) graphG = (V, E), whereV = D and {R,R′} ∈ E if R and R′ are

adjacent. BecauseD is not connected, the graphG is not connected. Hence,G has

at least two components: letG1 = (D1, E1), G2 = (D2, E2), . . . , Gk = (Dk, Ek)

denote the components(k ≥ 2). Leth∗ be any element of{1, . . . , k} and it is fixed

in the rest of this proof. Note thatD =
∪k

h=1 Dh.

12In this proof, I use basic concepts in graph theory. The reader is referred to a standard textbook

on graph theory, such as Diestel (2005), for the definitions.
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If there existsx∗ ∈ X such thatr1(R) = x∗ for all R ∈ D, then definef by

f(RN ) =


r2(R1) if R1 ∈

∪
h ̸=h∗ Dh,

x∗ if R1 ∈ Dh∗
.

The SCFf is AM-proof but not strategy-proof. Therefore, AM-proofness and

strategy-proofness are not equivalent, which is a contradiction.

Next, I consider the case where there existR andR′ in D such thatr1(R) = x

andr1(R′) = y for some distinctx, y ∈ X. Then, definef by

f(RN ) =


r1(R1) if R1 ∈

∪
h ̸=h∗ Dh,

r1(R2) if R1 ∈ Dh∗
.

The SCF is AM-proof, but not strategy-proof. Therefore, AM-proofness and strategy-

proofness are not equivalent, which is a contradiction. �

In the previous subsection, I noted that the sufficient condition for the equiva-

lence between strategy-proofness and AM-proofness is also sufficient for the equiv-

alence between strategy-proofness and an “intermediate” notion of robustness to

manipulation, which is an important property because AM-proofness would not be

the only candidate for notions weaker than strategy-proofness. (See Corollary 4.1.)

However, a necessary condition does not have such an applicability to “intermedi-

ate” notions. In this sense, a necessary condition is not as telling as a sufficient

condition.

Nevertheless, Proposition 4.1 clarifies an important point; even when the equiv-

alence holds on a domainD, it does not necessarily imply the equivalence on su-

perdomains ofD. This can be seen by observing that adding preference relations

toD can lead tononconnectedness. This makes a contrast to some other properties

of domains.13

13For example, Sanver (2007) proves that when every alternative is top ranked by some preference

relation in a dictatorial domainD, then any superdomain ofD inherits the dictatorial property from

16



5 Applications

In this section, I will give examples of domains satisfying the assumptions of The-

orem 4.1.

There are several important domains in the theory of social choice. The univer-

sal domain and classes of single-peaked preferences would be the most important

ones.

5.1 The universal domain

Arrow’s theorem (Arrow, 1963), Sen’s theorem (Sen, 1970), and the Gibbard-

Satterthwaite theorem (Gibbard, 1973; Satterthwaite, 1975) are all proved on the

universal domain. Because these impossibility theorems lay the foundation of so-

cial choice theory as a modern discipline, the analysis on the universal domain

should be conducted whenever we have a new axiom on social choice rules.

Because all possible preference relations are inL, it seems natural to expect

thatL is connected, i.e., there is a path between any two preference relations. How-

ever, the question of the existence of a non-twice overtaking path is not straightfor-

ward.

Proposition 5.1

The domainL satisfies the assumptions of Theorem 4.1.

Proof. Let R andR′ be any preference relations inL. I construct a non-twice over-

taking path fromR to R′.

STEP 1: Comparer1(R) andR1(R′). If r1(R) = r1(R′), then proceed to the next

step. Ifr1(R) ̸= r1(R′), then raiser1(R′) one position at a time to the top inR.

· · ·

STEP K: Let R∗ denote the resulting preference relation from Step(k − 1). Com-

parerk(R∗) andrk(R′), thekth ranked alternatives inR∗ andR′, respectively. If

D.
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they are identical, then proceed to the next step. Ifrk(R∗) ̸= rk(R′), then raise

rk(R′) one position at a time to thekth position inR∗.

This process of transformation terminates at Stepm. I claim that all preference

relations appear in this process (including the ones which appear in the process of

raisingrk(R∗) one position at a time in each step) form a non-twice overtaking

path fromR to R′.

[Adjacency]:

Because every change in each preference relation occurs by exchanging the

ranks of adjacent alternatives, every preference relation is adjacent to the “next”

preference relation. (Remember thatrk(R∗) is raisedone position at a timein Step

k (k ∈ {1, . . . , m}).)

[Non-twice overtaking property]:

If R∗ is the resulting preference relation from Stepk, then the top-k alterna-

tives (fromr1(R∗) to rk(R∗)) in R∗ are never affected in the following steps. In

this sense,R is adjusted toR′ from the top to the bottom. Letx andy be any

alternatives. Assume thatx overtakesy in Stepk (k ∈ {1, . . . , m}). This means

thatx is ranked higher thany in R′ and thatx = rk(R′). Because the top-k ranks

are never affected in the following steps, for anyk′ > k, y does not overtakex in

Stepk′. Thus, the sequence under consideration is non-twice overtaking.

Therefore, a sequence fromR to R′ satisfies the conditions (ii) and (iii) of Def-

inition 4.1 and has a non-twice overtaking property. By Remark 4.1, the preference

relations in the above process form a non-twice overtaking path fromR to R′. �

Remark 5.1

Let R andR′ be any elements ofL and let(R1R2 . . . Rℓ) be the non-twice over-

taking path fromR to R′ constructed in the proof of Proposition 5.1. Then, for any

x, y ∈ X, [xRy andxR′y] implies [xRhy for all h ∈ {1, . . . , ℓ}].

Proof. Suppose thatyRhx for someh ∈ {1, . . . , ℓ}. BecausexRy, there exists
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h′ ∈ {1, . . . , h} such thaty overtakesx from Rh′
to Rh′+1. However, because

xR′y, there existsh′′ ∈ {h′ + 1, . . . , ℓ} such thatx overtakesy from Rh′′
to

Rh′′+1, which is a contradiction to the non-twice overtaking property. �

5.2 Single-peaked preference relations

Another significant domain is a set of single-peaked preferences (Black, 1948).

A collection of preference relationsD ⊂ L is said to be a set ofsingle-peaked

preference relationsif the elements ofX can be indexedx1, x2, . . . , xm so that for

anyR ∈ D with r1(R) = xk and for anyk′, k′′ ∈ {1, . . . ,m},

(i) k < k′ < k′′ ⇒ xk′Rxk′′ , and

(ii) k′′ < k′ < k ⇒ xk′Rxk′′ .

In the rest of this section, the alternatives are indexed asx1, . . . , xm, and whenever

I speak of single-peaked preference relations, it should be understood that they are

single-peaked with respect to the indices of the alternatives.

What makes single-peaked preferences significant is its applicability and eva-

sion from the impossibilities. See, for example, Black (1948), Moulin (1980,

1988).

The first question which I deal with is whetheranycollection of single-peaked

preference relations satisfies the assumptions of Theorem 4.1. The following ex-

ample gives a negative answer.

Example 5.1

Let X = {x1, x2, x3, x4, x5}, let n = 5, and letD denote the set of all single-

peaked preference relations (with respect to the indices of the alternatives)R such

that r1(R) = {x1, x3, x5}. Note that there is only one preference relation inD

which ranksx1 at the top and that there is only one preference relation inD which

ranksx5 at the top. Consider the plurality rule with the tie-breaking rulex1 >
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x3 > x5, which means that a tie betweenx1 andx3 is broken by choosingx1, and

so on. I claim that this plurality rule is not strategy-proof while it is AM-proof on

D.

First, to see that the plurality rule is not strategy-proof, consider the following

situation;

• r1(Ri) = x1 for i = 1, 2,

• r1(R3) = x3 with x5R3x1.

• r1(Ri) = x5 for i = 4, 5.

Then, under the sincere preference relations, the social outcome isx1. Then, a prof-

itable misrepresentation is possible for agent3 by reporting a false single-peaked

preference relationR′
3 such thatr1(R′

3) = x5. (In this case, a social outcome

changes fromx1 to x5, which is a beneficial change with respect toR3.) Thus, the

plurality rule is not strategy-proof onD.

Next, to see that the plurality rule is AM-proof onD, observe that any adjacent

preference relations inD should have a common top. (Actually, for a preference

relationR ∈ D with r1(R) ∈ {x1, x5}, A(R) ∩ D = ∅.) Because the plurality

rule depends on only what are top ranked, the social outcome never changes by

reporting an adjacent preference relation inD. Therefore, the plurality rule is AM-

proof onD.

The above example shows that additional restrictions are called for the equiv-

alence between strategy-proofness and AM-proofness. I consider the cases where

the social choice rule designer knows that the admissible preference relations are

single-peaked, but has no further information. In other words, the domain is the set

of all possible single-peaked preference relations.

In the following, letS denote the collection of all single-peaked preference

relations. OnS, the existence of a non-twice overtaking path is a more complicated
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issue than onL. Nevertheless, we can prove the following proposition.

Proposition 5.2

The domainS satisfies the assumptions of Theorem 4.1.

Proof. Let R andR′ be any elements ofS. As in the proof of Proposition 5.1, I

construct a non-twice overtaking path fromR to R′ in S.

STEP 1: Comparer1(R) andr1(R′). If they are identical, then proceed to Step 3.

If r1(R) ̸= r1(R′), then proceed to Step 2.

STEP 2: There are two possible cases:r1(R) is in the right ofr1(R′), or r1(R) is

in the left of r1(R′). Here, I consider only the former case.(In the latter case, a

non-twice overtaking path fromR to R′ can be constructed by a symmetric argu-

ment.) Letxk = r1(R) and letxk′ = r1(R′). Becausexk is in the right ofxk′ ,

k′ < k.

SUBSTEP2.1: Raisexk−1 to the top one position at a time inR.

· · ·

SUBSTEP2.h (k′ ≤ k − h ≤ k − 1): Let R∗ be the preference relation resulting

from Substep 2.(h − 1). Raisexk−h to the top one position at a time inR∗.

In this process, the peak moves from the right to the left; fromxk to xk′ . Let R̃

denote the preference relation resulting from Substep 2.(k − k′).

[Single-peakedness]:

First, because the only operation in each substep is raising the alternatives just

on the left of the peak to the top, every preference relations appearing in this whole

process are single-peaked.

[Adjacency]:

Next, because every change of preference relations occurs by exchanging the

ranks of one pair of adjacent alternatives, every preference relation in this process
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is adjacent to the next preference relation.

[Non-twice overtaking property]:

Third, in the sequence of preference relations fromR to R̃, xk−h overtakes an

alternative only in the process of raisingxk−h to the top (at Substep 2.(k − h)). In

this case, the former peak isxk−h+1 and hence the alternatives whichxk−h over-

takes are all on the right ofxk−h. The alternatives on the right ofxk−h never raise

their position in the following substeps. Especially, they do not overtakexk−h.

Therefore, the sequence fromR to R̃ is a non-twice overtaking path.

STEP 3: TransformR̃ to R′ according to the transformation process in the proof of

Proposition 5.1. Note that the most preferred alternatives are alwaysxk′ throughout

the transformation process.

[Single-peakedness]:

To prove that all preference relations in the process are single-peaked, it suf-

fices to show that the relative positionswithin each side of the “mountain” do not

change. For that purpose, I consider any two alternativesxℓ andxℓ′ in the left of the

peakxk′ (i.e., ℓ, ℓ′ < k′). Without loss generality, assumeℓ < ℓ′. BecausẽR and

R′ are single-peaked with a common peakxk′ , xℓ′R̃xℓ andxℓ′R
′xℓ. By Remark

5.1, this relative ranking betweenxℓ andxℓ′ never changes throughout the transfor-

mation process from̃R to R′. Becausexℓ andxℓ′ were arbitrary in the left side of

xk′ , the relative rankingswithin the left side of the peak do not change throughout

the process. By the symmetric argument, I can prove that relative rankingswithin

the right side of the peak also never change throughout the process. Therefore, all

preference relations appear in the process fromR̃ to R′ are single-peaked.

[Non-twice overtaking property]:

Note that because the sequence constructed in the proof of Proposition 5.1 is

a non-twice overtaking path, the sequence fromR̃ to R′ in this Step 3 is also a
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non-twice overtaking path.

STEP 4: I prove that a sequence of preferences fromR to R′ constructed in Step 2

and Step 3 is a non-twice overtaking path inS. The sequence is inS because all

preference relations appear in Step 2 and Step 3 are single-peaked. Thus, it suffices

to show that the sequence is non-twice overtaking.

[Non-twice overtaking property]:

By Step 2 and Step 3, the sequenceswithin each step are non-twice overtaking.

Therefore, it suffices to show that when an alternativexℓ overtakesxℓ′ in Step 2,

thenxℓ′ does not overtakexℓ in Step 3. Note thatxℓ raises its position and overtakes

other alternatives includingxℓ′ in Step 2 only when the peakxℓ+1 is replaced by

xℓ. This implies that the alternatives whichxℓ overtakes in Step 2 are all in the

right of xℓ. Therefore,ℓ′ > ℓ. Moreover, becausexℓ becomes the peak at some

substep in Step 2, the peak ofR̃ is eitherxℓ or an alternative in the left ofxℓ. Thus,

eitherxℓ = xk′ or xℓ andxℓ′ are on the same side of the “mountain” underR̃. In

the former case, becausexℓ is the peak throughout Step 3,xℓ′ never overtakesxℓ.

In the latter case, because the relative positionswithin each side of the ‘mountain”

do not change in Step 3,xℓ′ does not overtakexℓ throughout Step 3. In any case,

xℓ′ does not overtakexℓ.

Therefore, the sequence constructed in Step 2 and Step 3 is a non-twice over-

taking path fromR to R′ in S. �

Appendix A proof of Proposition 3.1

Let D be any minimal circular domain and letR be any element ofD. Let xk

denoter1(R).

STEP 1: First, letR′ be any preference relation inD such thatr1(R′) = xk′ with

23



k′ ̸= k. If R andR′ are adjacent, thenr2(R) = xk′ . This implies eitherxk′ = xk−1

or xk′ = xk+1. In the former case,rm(R) = xk+1 andrm(R′) = xk−2. Because

m ≥ 4, xk+1 ̸= xk−2. In the latter case,rm(R) = xk−1 andrm(R′) = xk+2.

Becausem ≥ 4, xk−1 ̸= xk+2. Thus, by exchanging the top two alternatives inR,

we cannot haveR′. Therefore,R andR′ are not adjacent.

STEP 2: The only possible candidate for an adjacent preference relation toR is

R̃ such thatr1(R̃) = xk. However, the second ranked alternative and the bottom

ranked alternative are different betweenR and R̃. Becausem ≥ 4, the second

ranked alternative and the bottom ranked alternative cannot be adjacent. Therefore,

R andR̃ are not adjacent.
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