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Abstract

I introduce a concept ofD(k)-proofness which says that a rule is non-

manipulable by the false preference relations withink distance from the sin-

cere one. I prove that for every rule defined over all weak orders, strategy-

proofness is equivalent toD(k)-proofness if and only ifk ≥ m − 1, where

m is the number of the alternatives.
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1 Introduction

This paper, following Sato (2010a,b), deals with the question whether the reluc-

tance to make a large lie is helpful for the designer to construct a nonmanipulable

rules. Sato (2010b) points out that on the universal domain ofweak orders, for ev-

∗This research was supported by MEXT KAKENHI 22730167.
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eryk ∈ {1, . . . ,m− 2}, if the agents misreport only preference withink distance1

from the true one, wherem is the number of the alternatives, then the reluctance

to make a large lie iseffectivein the sense that there exists a nonmanipulable rule

violating strategy-proofness. In other words, for everyk ≤ m − 2, the two state-

ments

(i) the agents are free to misreport any preferences, and

(ii) the agents misreport only preferences withink distance from the true prefer-

ences

arenot equivalent on the universal domain of weak orders. This makes a contrast

with Sato (2010a) according to which, on the universal domain oflinear orders, a

rule is nonmanipulable by preferences that are adjacent to true ones if and only if

it is strategy-proof.

In this paper, I investigate the range of effective extent of the agents’ reluctance

to make a large lie. For this purpose, I introduce a concept ofD(k)-proofness

which says that a rule is nonmanipulable by the false preference relations within

k distance from the sincere one. According to this terminology, the result men-

tioned above can be stated as “for everyk ≤ m− 2, D(k)-proofness and strategy-

proofness are not equivalent”.

It is natural to expect that if we increasek tom−1, m, m+1, . . . , thenD(k)-

proofness becomes equivalent to strategy-proofness at some stage. Note that when

D(k)-proofness and strategy-proofness are equivalent, then agents’ reluctance to

make a large lie embodied inD(k)-proofness is not helpful at all to construct a

nonmanipulable rule.

I will prove that, for everyk ≥ m − 1, the above two statements (i) and (ii)

are equivalent. More precisely, for everyk ≥ m − 1 and for every rule, it is non-
1The distance between two weak orders is measured by the Kemeny distance (Kemeny, 1959;

Kemeny and Snell, 1962) which will be formally introduced in Section 2.
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manipulable under the statement (i) if and only if it is nonmanipulable under the

statement (ii). Because the statement (i) leads to the Gibbard-Satterthwaite theo-

rem, the statement (ii) also leads to the impossibility result. Thus, together with

the result by Sato (2010b) mentioned above, in terms of extent of the agents’ reluc-

tance to make a large lie, the number(m−1) is the boundary between effectiveness

and ineffectiveness in constructing a nonmanipulable rule.

To illustrate this result, I give an example of a pair of preferences (formulated

as weak orders) between which the distance is(m − 1). Let R∗ denote the weak

order under which any two alternatives are indifferent. Letx denote an arbitrary

alternative, and consider the weak orderR′ under whichx is strictly preferred

to any other alternatives and any two alternatives exceptx are indifferent. The

distance between the two weak orders,R∗ andR′, is exactly(m − 1). Then, it

is crucial how agents evaluate the discrepancy between suchR∗ andR′ If they

consider the discrepancy is not enough to discourage them to misreportR′ with

the true preference relationR∗, then their reluctance is “useless” to construct a

nonmanipulable rule. On the other hand, if the discrepancy is enough for the agents

to refrain from misreportingR′ with the true preference relationR∗, then their

reluctance is effective.

The paper is organized as follows. In Section 2, I give basic notation, defi-

nitions, and preliminary results. In Section 2, I state a main theorem. Section 4

concludes.

2 Definitions and preliminary results

Let N = {1, . . . , n} be a finite set of agents, letX be a finite set of alternatives

with |X| = m ≥ 3.2 Let W be the set of all weak orders onX, and letL denote

2For any setA, |A| denotes its cardinality.
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the set of all linear orders onX.3 Elements ofW arepreference relations. Typical

notation for an element ofW is R, and subscripts represent indices of agents;Ri

is a preference relation of agenti. The strict parts ofR andRi are represented as

P andPi, and the indifference parts are represented asI andIi, respectively.

The indifference partI of R ∈ W is an equivalence relation,4 and it induces

a partition ofX. Let rk(R) denote thekth indifference class. For example,r1(R)

denotes the set{x ∈ X | xRy ∀y ∈ X}: the set of most preferred alternatives

with respect toR. The setr2(R) denotes the set{x ∈ X \ r1(R) | xRy ∀y ∈

X\r1(R)}, and so on. Whenrk(R) consists of one alternativex ∈ X, x is isolated

and for notational simplicity, I omit the braces and writerk(R) = x whenever the

omission does not cause confusion.

Let d denote theKemeny distancein W defined by for eachRi, R
′
i ∈ W,

d(Ri, R
′
i) = |Ri∆R′

i|, the cardinality of the symmetric difference betweenRi and

R′
i. Note that the maximum distance inW ism(m− 1). For eachRi ∈ W and for

eachk ∈ {1, . . . ,m}, letD(Ri, k) denote the set{R′
i ∈ W | d(Ri, R

′
i) ≤ k}; the

set of the preference relations withink distance fromRi.

In the main theorem in Section 3, it will be seen that the crucial distance from

the true preference relation is(m− 1). What makes this number(m− 1) is crucial

is the fact thatD(R,m− 1) \ {R} ̸= ∅ for all R ∈ W.

An n-tupleRN = (R1, . . . , Rn) ∈ WN is apreference profile. Given a prefer-

ence profileRN , (R′
i, R−i) denotes the preference profile such thatRi is replaced

byR′
i ∈ W in RN .

3Every subset ofX×X is binary relationonX. A binary relationR onX is completeif for any

x, y ∈ X, eitherxRy or yRx holds,transitiveif for any x, y, z ∈ X, [xRy & yRz] impliesxRz,

antisymmetricif for any x, y ∈ X, [xRy & yRx] impliesx = y. A binary relation is aweak order

if it is complete and transitive, alinear order if it is complete, transitive, and antisymmetric.
4A binary relationR onX is reflexiveif for any x ∈ X, xRx holds,symmetricif for any x, y ∈

X, xRy impliesyRx. A binary relation is anequivalence relationif it is complete, symmetric, and

transitive.
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A functionf of WN intoX is called asocial choice functionor arule.

For eachk ∈ {1, . . . ,m(m − 1)}, a rule satisfiesD(k)-proofnessif for every

RN ∈ WN and for everyi ∈ N ,

f(RN )Rif(R
′
i, R−i), ∀R′

i ∈ D(Ri, k).

Note thatstrategy-proofnessand AM-proofnessin Sato (2010b) are the two ex-

tremes in the sense thatD(m(m − 1))-proofnessis strategy-proofnessandD(1)-

proofnessis AM-proofness.

We say thatD(k)-proofnessis (logically) equivalentto strategy-proofnessif

every rule satisfiesD(k)-proofnessif and only if it satisfiesstrategy-proofness.

(Becausestrategy-proofnessalways impliesD(k)-proofnessfor any k, the prob-

lem of the equivalence is reduced to whetherD(k)-proofnessimplies strategy-

proofness.) WhenD(k)-proofnessandstrategy-proofnessare equivalent, the re-

striction on the reportable false preferences assumed underD(k)-proofnessdoes

not any role to construct a nonmanipulable rule.

I state preliminary results.

Proposition 2.1

If D(k)-proofness is equivalent to strategy-proofness, then for everyk′ ∈ {k, k +

1, . . . ,m(m− 1)}, D(k′)-proofness is equivalent to strategy-proofness.

Proof. Let k′ be any element of{k, k + 1, . . . ,m(m − 1)}. Because it is clear

that strategy-proofnessimplies D(k′)-proofness, it suffices to show thatD(k′)-

proofnessimpliesstrategy-proofness. Letf be any rule satisfyingD(k′)-proofness.

Becausek′ ≥ k, f satisfiesD(k)-proofness. By the assumption thatD(k)-proofness

and strategy-proofnessare equivalent,f satisfiesstrategy-proofness. Therefore,

D(k′)-proofnessimpliesstrategy-proofness. �

Proposition 2.2 (Sato (2010b))

For everyk ≤ m− 2, D(k)-proofness is not equivalent to strategy-proofness.
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3 A main result

This section is devoted to the statement of a main theorem and its proof.

Theorem 3.1

D(k)-proofness is equivalent to strategy-proofness if and only ifk ≥ m− 1.

Proof. By Proposition 2.2, the “only if” part follows. Moreover, whenD(m− 1)-

proofnessis equivalent tostrategy-proofness, by Proposition 2.1,D(k)-proofness

is equivalent tostrategy-proofnessfor everyk ≥ m− 1. Thus, it suffices to prove

the equivalence ofD(m − 1)-proofnessandstrategy-proofness. Let f be any rule

satisfyingD(m − 1)-proofness. Let RN be any preference profile, leti be any

agent, and letR′
i be any element ofD(Ri,m − 1). Let x = f(RN ), letU(Ri) =

{y ∈ X | yPix}, andL(Ri) = {y ∈ X | xRiy}. The setU(Ri) is the (strict)

upper contour set ofx with respect toRi and the setL(Ri) is the lower contour set

of x with respect toRi. Out goal is to provef(R′
i, R−i) ∈ L(Ri).

Let R̄i be a linear order such that

(i) for everyy, z ∈ X, yPiz impliesyP̄iz, and

(ii) for everyy ∈ X \ {x} with xIiy, xP̄iy holds.

In the linear orderR̄i, the strict relations inRi remain unchanged and the ties in

the indifference class containingx is broken so thatx is preferred to the other

alternatives in the indifference class.

Lemma 3.1

f(R̄i, R−i) = x and the lower contour set ofx with respect toR̄i, denoted by

L(R̄i), isL(Ri).

Proof of Lemma 3.1.FromRi to R̄i, construct a sequence of weak orders(R1 . . . Rℓ)

fromRi to R̄i, i.e.,R1 = Ri andRℓ = R̄i such that
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Table 1: Preference relations in the proof of Lemma 3.1

R1 R2 R3 R4

xy x x x

zwv y y y

zwv z z

wv w

v

(i) for everyh ∈ {1, . . . , ℓ− 1}, one indifference class is divided into consecu-

tively ranked two indifference classes at least one of which is a singleton,

(ii) once an alternativey becomes isolated inRh, y is isolated inRh′
for all

h′ ≥ h, and

(iii) x is isolated inR2.

I explain a procedure of constructing such a sequence by an example. LetX =

{x, y, z, w, v} andRi andR̄i areR1 andR4 in Table 1, respectively. First, from

R1 to R2, divide r1(R
1) = {x, y} into r1(R

2) = x andr2(R2) = y. Next, from

R2 to R3, divide r3(R2) = {z, w, v} into r3(R
3) = z andr4(R3) = {w, v}, and

so on. This procedure can be easily generalized.

If we let rk(Rh) be the indifference class which is divided fromRh to Rh+1,

d(Rh, Rh+1) = |rk(Rh)| − 1 ≤ m − 1 holds. Becausef is D(m − 1)-proof,

f(Rh, R−i)R
hf(Rh+1, R−i) andf(Rh+1, R−i)Rh+1f(R

h, Ri) for all h ∈ {1, . . . , ℓ−

1}. Remember thatx = f(R1, R−i) andx is isolated inR2. This implies that

f(R2, R−i) should be alsox. Becausex is isolated inRh for all h ≥ 2, the

value off is alwaysx along the sequence(R1 . . . Rℓ). Therefore,f(Rℓ, R−i) =

f(R̄i, R−i) = x. Next, I proveL(Ri) = L(R̄i). Because the alternatives ranked

higher thanx in R̄i are precisely the ones ranked higher inRi, the strict upper
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contour sets ofx atRi andR̄i are the same. In other words,L(Ri) = L(R̄i). �

Let R̄′
i be a linear order such that

(i) for all y, z, yP ′
iz impliesyP̄ ′

iz, and

(ii) for all y, z ∈ X such thatyI ′iz, y ∈ U(Ri), andz ∈ L(Ri), the relation

yP̄ ′
iz holds.

The linear orderR̄′
i can be obtained by breaking ties inR′

i partly based onRi.

Lemma 3.2

f(R̄′
i, R−i) ∈ L(Ri).

Proof of Lemma 3.2.By Lemma 3.1, it suffices to provef(R̄′
i, R−i) ∈ L(R̄i).

In the proof of his main theorem, Sato (2010a) shows that there is a sequence of

linear orders(R1R2 . . . Rℓ) from R̄i to R̄′
i such thatf(Rh, R−i) ∈ L(R̄i) implies

f(Rh+1, R−i) for all h ∈ {1, . . . , ℓ − 1}. Therefore, it can be concluded that

f(R̄′
i, R−i) ∈ L(R̄i). �

Let a = f(R′
i, R−i). Suppose to the contrary thata ∈ U(Ri).

FromR′
i, construct a new linear order according to the following procedure:

Let rk(R′
i) be the indifference class containinga.

STEP 1: If rk(R′
i) = a, then proceed to Step 3. Ifrk(R′

i) contains more at least

two alternatives, raisea by one position.

STEP 2: Break ties inrk(R′
i) \ {a} based onR̄′

i.

STEP 3: Break ties in the other indifference classes based onR̄′
i.

Let R̃′
i denote the resulting preference relation. ByD(m − 1)-proofness,

f(R̃′
i, R−i) = a ∈ U(Ri).

Note that the only difference between̄R′
i and R̃′

i is the position ofa. More

specifically, how the ties inrk(R′
i) ∩ U(R′

i) are broken is the only difference be-

tweenR̄′
i andR̃′

i.
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Remember thatf(R̄′
i, Ri) ∈ L(Ri). Then, raisea by one position at a time

in R̄′
i until we haveR̃′

i. However, the social outcomef(R̃′
i, R−i) should be un-

changed, i.e.,f(R̃′
i, R−i) = f(R̄′

i, Ri), which is a contradiction tof(R̃′
i, R−i) ∈

U(Ri). �

4 Concluding remarks

This paper considers the universal domain of weak orders. In terms of the distance

between reportable false preference relations and the sincere one, the range which

is effective in constructing a nonmanipulable rule is characterized.

• If the distance belongs to{1, . . . ,m−2}, then the agents’ reluctance to make

a large lie represented by the distance is effective, but

• if the distance belongs to{m − 1, . . . ,m(m − 1)}, then the reluctance is

ineffective.

This paper concentrates on nonmanipulability of a rule. However, usually, we want

rules to satisfy additional properties such as unanimity. Study of the cases where

rules satisfy additional properties is a future research.
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